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We use the Dirac-Born-Infeld action to study the real time dynamics of a Dp-brane prop- 
agating in the vicinity of iVS^-branes. This problem is closely related to tachyon conden- 
sation on an unstable D-brane, with the role of the tachyon played by the radial mode on 
the D-brane. As the D-brane approaches the fivebranes, its equation of state approaches 
that of a pressureless fluid. The pressure goes to zero at late times like exp(— at); a is a 
function of the number of fivebranes and of the angular momentum of the D-brane. For 
unstable D-branes a similar equation of state is taken to signal the decay of the D-brane 
into closed string radiation. We propose that in our case the D-brane decays into modes 
propagating in the fivebrane throat, and show that this is consistent with spacetime ex- 
pectations. We also argue that for radial motions of the D-brane deep inside the throat, 
the rolling process is described by an exactly solvable worldsheet conformal field theory. 
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1. Introduction 

In studies of D-branes one often finds that the lowest lying open string state is a 
tachyon. This happens, for example, for non-BPS D-branes and D — D systems in the 
superstring. The presence of the tachyon signals an instability of the D-brane system. 
Its condensation leads to a more stable brane configuration, or in some cases to the total 
annihilation of the brane. The latter is possible since the branes in question do not carry 
any conserved charges. 

If one displaces the tachyon from the maximum of its potential corresponding to 
the original unstable brane, it will roll towards a minimum of the potential. This time- 
dependent process can, in some cases, be understood exactly in classical open string theory, 
by Wick rotating known Euclidean solutions to Minkowski spacetime (see also @||). 
The process of Wick rotation involves some physical choices associated with the choice of 
the initial state. Thus, the study of real time tachyon condensation provides useful insights 
on time- dependent solutions in string theory in general. 

Studies of rolling tachyon solutions suggest that, at late times, tachyon condensation 
leads to a peculiar "tachyon matter" state, which has an equation of state of a pressureless 
fluid, and no on-shell open string excitations. Apriori, one would expect the unstable D- 
brane to decay into closed string modes, see e.g. [f|,|5|||. It has been suggested that the 
open string picture of the time evolution provides an alternative but equivalent description 
of this decay, leading to a new kind of open-closed string duality J7],^| . Related work on 
tachyon condensation appears in P,|TH|,|iT . 



Another outcome of the recent work on real time tachyon condensation is the obser- 
vation that an effective action of the Dirac-Born-Infeld (DBI) type for the tachyon [|l2r|l5 



captures surprisingly well many aspects of rolling tachyon solutions of the full open string 
theory ]16| , 17] , |r8] || , and is thus very useful for studying these processes. The origin of the 



agreement was partially clarified in |Ty,^0| . There was also much work on possible cosmo- 
logical applications of tachyon condensation (see e.g. pl| , p2| , |23| and references therein). 

In this paper we will study another kind of instability of (BPS) D-branes, associated 
with the presence of iVS'S-branes in their vicinity. As we will see, this example is closely 
related to the tachyon condensation problem, and one can say a lot about the nature of 
the time-dependent solutions in it. Thus, it adds to our understanding of time-dependence 
in string theory, a subject that suffers from a dearth of solvable examples. 

We will consider a stack of k parallel iVS'S-branes in type II string theory, stretched 
in the directions (x 1 , ■ ■ ■ , x 5 ) and localized in x = (x 6 , x 7 , x 8 , x 9 ). The directions along the 
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worldvolume of the fivebranes will be denoted by x^, [i = 0, 1, 2, • • • , 5; those transverse to 
the branes will be labeled by x m , m = 6, 7, 8, 9. 

Our interest will be in the dynamics of a BPS Dp-brane in the presence of the five- 
branes0. The D-brane is "parallel" to the fivebranes, i.e. it is extended in some or all 
of the fivebrane worldvolume directions x M , and pointlike in the directions transverse to 
the fivebranes (x 6 , x 7 , x 8 , a; 9 ). Without loss of generality, we can take the worldvolume of 
the Dp-brane to fill the directions (x , x , ■ ■ ■ , x p ). We will label the worldvolume of the 
Dp-brane by x^ as well, but one should bear in mind that here the index fi only runs over 
the range fi = 0, 1, 2, • • • ,p, with p < 5. 

Although the D-brane in question is BPS, in the presence of the fivebranes it is unsta- 
ble. Indeed, the configuration of parallel AS'S-branes and Dp-brane breaks supersymmetry 
completely, since the fivebranes and D-brane preserve different halves of the supersymme- 
try of type II string theory. The Dp-brane carries RR charge, but this charge can leak 
from the D-brane to the fivebranes. A quick way to see that is to use U-duality to map the 
brane configuration described above to one that contains a wrapped fundamental IIB string 
parallel to a stack of k D5-branes. Since the string can end on the fivebranes, it can decay 
into a collection of open strings living on the fivebranes. In the process, its Neveu-Schwarz 

charge is transferred to the D5-branes. S-duality relates this to the statement that 
the RR charge carried by a D-string can be transferred to parallel AS'S-branes. T-duality 
along the fivebrane worldvolume generalizes this statement to all p. 

If we place a BPS Dp-brane at a finite distance from a stack of AS'S-branes, it will 
experience an attractive force, and will start moving towards the fivebranes. There are 
a number of natural questions one can ask about this dynamical process. One is what 
happens as the Dp-brane approaches the AS'S-branes. As we discuss in section 4, we 
would expect the D-brane to shed most of its energy and form a bound state with the 
fivebranes. Can this process be studied in a controlled way? 

Another interesting question is whether there are stable trajectories where the D- 
brane is in orbit around the collection of fivebranes. One might expect the answer to 
be negative, since at least when the D-brane is far from the fivebranes in the transverse 
space labeled by x, it should experience a standard gravitational potential V ~ — l/|x| 2 
(since the transverse space is four dimensional) and this potential does not allow for stable 



1 As usual, p must be even for type IIA string theory, and odd in the IIB case [24]. 
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orbits. But, this leaves the question whether there are such orbits in the full gravitational 
potential of the fivebranes, which deviates significantly from — l/|x| 2 at short distances. 

We will see that these questions can be usefully addressed using weakly coupled string 
theory techniques. This might sound surprising since it is well known that coincident 
iVS'S-branes develop a throat along which the string coupling grows without bound as 
one approaches the fivebranes. A D-brane falling towards the fivebranes will eventually 
explore the strong coupling region; hence, one expects string perturbation theory to break 
down at late times. We will argue that in fact there is a range of energies of the D- 
brane, for which a significant part of the dynamical process occurs in the region where the 
string coupling is weak, and perturbative string theory is reliable. Furthermore, we will 
see that in some cases, the motion of the D-brane in the throat of the fivebranes can be 
described by an exactly solvable worldsheet CFT, which is obtained by Wick rotation of 



the supersymmetric generalization of the Euclidean D-brane constructed in [25 



2. The effective action for a D-brane in the NS5-br&ne background 

At weak string coupling, A,S5-branes are much heavier than D-branes - their tension 
goes like 1/g 2 , while that of D-branes goes like l/g s . To study the dynamics of a D-brane 
in the vicinity of fivebranes in this regime, we can take the fivebranes to be static and 
study the motion of the D-brane in their gravitational potential. For related earlier work, 
see e.g. 



26,27,28 



The background fields around k A^S^-branes are given by the CHS solution p9|,p4 
The metric, dilaton and NS S-field are 

ds 2 = dx^ + H(x n )dx m dx m 

e 2(*-* ) = H(x n ) (2.1) 

Here H(x n ) is the harmonic function describing k fivebranes, and H mnp is the field strength 
of the NS S-field. For fivebranes at generic positions x±, ■ • • , Xk, one has 
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where l s = ^/a' is the string length. We will mainly discuss the case of coincident five- 
branes, where an SO (4) symmetry group of rotations around the fivebranes is preserved, 
and the harmonic function (|2]!J) reduces to 

hi 2 

H = l + ^-. (2.3) 

r = \x\ is the radial coordinate away from the fivebranes in the transverse 1R 4 labeled by 
(x 6 , ■ • • , x 9 ). 

To construct D-branes in the fivebrane background, one has to study the sigma model 
with the target space fields ( |2.1| ) on a worldsheet with boundary, and determine possible 
boundary conditions which preserve conformal invariance. 

In this paper we will study this problem using an effective action on the worldvolume 
of the D-brane, the DBI action. This will lead to an approximate treatment that, as 
mentioned above, is known to be quite reliable. We will comment on the full conformal 
field theory problem below, leaving a more detailed discussion to another publication. 

As mentioned above, we will study a Dp-brane stretched in the directions (x , • • • , x p ). 
We can label the worldvolume of the D-brane by £ M , \x = 0, 1,2, ■ ■ ■ ,p, and use 
reparametrization invariance on the worldvolume of the D-brane to set £ M = x M . The 
position of the D-brane in the transverse directions (x 6 , • • ■ , x 9 ) gives rise to scalar fields 
on the worldvolume of the D-brane, (X 6 (£ M ), • • • , X 9 (£ M )). The dynamics of these fields is 
governed by the DBI action [ |30| , |3~lf 

Sp Tp 



J eF +1 £e-( M °) yJ-detiG^ + B^) . (2.4) 



r p is the tension of the .Dp-brane, and the determinant runs over the worldvolume direc- 
tions, fi = 0, 1, • • • , p. G^ v and B^ v are the induced metric and B-field on the D-brane: 

dX A 8X B 



G^ v = -^-^^t-Gab(X) 



dX A dX B 

The indices A, B = 0, 1, 2, • • • , 9 run over the whole ten dimensional spacetime. Gab and 
Bab are the metric and S-field in ten dimensions. In our case they are given by ( |2.1|) . 
There is also a gauge field on the D-brane that one can turn on, but we will not do that. 

The action (|2.4| ) is expected to be reliable for arbitrary values of the gradients <9 M X m , 
as long as they are slowly varying in spacetime, in a suitable sense. In addition, the string 
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coupling at the location of the brane should be small, i.e. one must have exp($) << 1 in 
. We will comment on the reliability of this action further below. 
An interesting special case of the action (|2.4|) is obtained by placing all the iVS'S-branes 
at x = 0, and restricting to purely radial fluctuations of the .Dp-brane in the transverse 
1R 4 labeled by x. For such fluctuations, the only field on the brane that is excited is 



= A/AT m X m (£ M ); the angular variables remain fixed at their initial values. This 
restriction to radial motion is consistent since, for coincident iVS^-branes, the background 
fl2.1p is SO (4) invariant, and the D-brane experiences a central force pulling it towards the 
origin. 

The action ( |2.4| ) takes a rather simple form in this case. Since the S-field ( |2.1| ) is in 
the angular directions, and the angular degrees of freedom are not excited, the induced 



.B-field in (|2.4|) vanishes. The induced metric (2.5) takes the form 



G>„ = r}^ + H(R)d fJ ,Rd v R . (2.6) 
The DBI action (27^) is thus given by 

S p = -t p J d p+1 x-^=^/-detG^ = -r p J d p+1 x-^=^/l + H(R)d fl Rd^R . (2.7) 
This action is very reminiscent of the DBI action for the tachyon in open string models 

EMI , 

Stach = - / d p+1 xV(T) ^J-detG ( ^ ch) = - J d p+1 xV(T) ^l + d^Td^T (2.8) 

where 

G^= V ^ + d„Td u T, (2.9) 

and V(T) is the tachyon potential. Comparing (|2.6|) and ( |2.9| ) we see that we can map one 
to the other as follows. Define a "tachyon" field T via the relation 



In terms of this field, the induced metric (|2.6| ) becomes the same as ( |2.9|) , and the "tachyon 
potential" V(T) in (|2.8|) is given by 



The solution of eq. (|2.10|) is (up to an unimportant additive constant) 

T( S )^ + ^,^J. (2,2) 

From (|2.10| ) we see that T is a monotonically increasing function of R. As R — > 0, 
T(i?) -> -oo: 

T(i2 -> 0) ~ v 7 *^ In . (2. 13) 

As -R — > oo, T — > oo: 

T(R^oo)~R. (2.14) 



We can use this to analyze the behavior of the effective potential for T, (|2.11| ), in the 
different limits. One finds 

1 f exp-7=- T -> -oo 

-F T ~ \ ^ (2.15) 

As T — > oo, we recognize the long range gravitational attraction between the D-brane 
and the fivebranes. Indeed, the interaction potential ( |2.15|) goes like — 1/T 2 ~ —1/R 2 . 
In the opposite regime, T — ► — oo, corresponding to i? — > 0, we find that the potential 
V(T) (|2. 15 ) goes exponentially to zero. This is precisely the behavior exhibited at late 
times by the tachyon potential relevant for rolling tachyon solutions. This behavior of 
the potential leads to the absence of plane wave solutions around the minimum of the 
potential at T — > — oo, and to the exponential decrease of the pressure at late times |Tfl| . 



In our case, the "tachyon field" T which appears in the DBI Lagrangian (2.8) acquires a 



geometric meaning - it is related via ( |2.12| ) to the distance between the D-brane and the 
fivebranes. Note that for k = 2 (two fivebranes) the slope of the exponential in ( |2 . 1 5| ) is 
the same as that for non-BPS D-branes in type II string theory. 

The radial DBI action ( |2.7|) interpolates smoothly between standard gravitational 
attraction of the D-brane to the fivebranes at large distances and a "radion matter" phase 
when the Dp-brane is close to the fivebranes. The transition between the two behaviors 
occurs at R ~ Vkl s . Note that even when the D-brane is very close to the fivebranes, there 
is no perturbative string tachyon here - a fundamental string cannot stretch between the 
D-brane and the A^S^-branes, since it cannot end on the latter. 

In fact, one would naively expect that the regime where the D-brane is approaching 
the AS'5-branes cannot be described by perturbative string theory at all, since the string 
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coupling is large there. In the next section we will study some solutions of the equations 
of motion of the DBI action, and will see that in many cases, the open string description 
of the collapse of the D-brane onto the fivebranes is reliable up to rather late times, long 
after the D-brane collapsed into an effectively pressureless fluid. 

It is natural to ask what happens when instead of a stack of -/V,S5-branes, the Dp-brane 
approaches a stack of other D-branes. A case that is closely related to our discussion is 
that of a L>3-brane stretched in (x 1 ,^ 2 ,^ 3 ) approaching a stack of k L>5-branes stretched 
in (x 1 , • • • , x 5 ). This system is S-dual to the one discussed here for p = 3. S-duality implies 
that the DBI action on the D3-brane has the same form as ( |2.7| ) ; the only difference is that 
since under S-duality Z 2 — ► Z 2 g s , the harmonic function of the fivebranes, (|2.3| ), is modified 
to 

H D = 1 + ^1. (2.16) 
In this case, there are two rather different regimes. For kg s « 1 the description in terms 



of the metric ( |2.1|) , (|2.16|) is inappropriate, and one should study the system using open 
strings ending on the D5-branes. In particular, when the D3-brane comes to within a 
distance l s from the L>5-branes, a tachyon appears in the spectrum and the dynamics of 
the system is governed by its condensation from that point on. 

For kg s » 1, the discussion is rather similar to the iVS'S-brane case. The description 
in terms of the closed string background (|2.1|) , ( |2.16|) is good and, as above, when the 
distance between the £>3-brane and the D5-branes R is much smaller than y/kg s l s (but 
still, perhaps, much larger than l s ), the radial mode R{x^) is described by the "tachyon 
matter" Lagrangian ( |2.8| ) with an exponentially decaying potential given by ( |2.15| ) (with 
h Isy/gH)- The main advantage of the iVS^-brane system is that since the closed string 
background (|2.1| ) does not involve RR fields, it is possible to study exact D-brane solutions, 
something that is difficult in the D5-brane background. 

If one replaces the k D5-branes by Dp-branes with other values of p, the relevant 
harmonic function no longer goes like 1/r 2 for small r. Thus, the relation ( |2.13| ) between 
the radial mode and the analog of the field T is no longer logarithmic, but rather powerlike. 
Also, in some cases one has to include the contribution of the RR field of the k Dp-branes 
to the Lagrangian of the probe D-brane. We will not discuss this in detail here; see e.g. 
3!|,|33],|34| for some recent papers and further references. 



3. Solutions of the equations of motion 

In this section we would like to study some solutions of the equations of motion of 
the DBI action ([2.4Q for the case of coincident iVS^-branes, ( |2.3| ) . We will mostly consider 
here the homogeneous case, where the D-brane collapses towards the fivebranes uniformly, 
but before specializing to this case we would like to comment briefly on inhomogeneous 
solutions. 

In the case of radial motions (|2.7| ) , we can use the map to the tachyon problem ( |2.8|) , 
( [2. 11|) , ( |2.12|) to draw on some recent studies of classical solutions for Lagrangians of the 
general form ( |2.8| ). For late times the solutions approach the surface [ |35f 

d^Td^T = -1 (3.1) 

or in terms of the original variable _R(x /i ) ( p.7|) , (|2.10|) , 



H{R)d fJL Rd' 1 R = -1 . (3.2) 



The solutions of ( |3.1| ) can be studied analytically and exhibit a rich structure |35|,[36| . Any 
inhomogeneities in the initial data grow with time, and the solutions develop caustics at 
a finite time. As one approaches these caustics, the analysis based on the effective action 
( p77| ) breaks down and has to be replaced by a full CFT analysis. 

In the rest of this section, we will study homogeneous solutions of the equations of 
motion of the DBI action ( |2.4j) , for which the fields representing the transverse position 
of the D-brane, X m , m = 6, 7, 8, 9 depend only on time, X m = X m {t), and the caustics 
mentioned above do not form. In this case, the action (|2.4j ) simplifies. The induced S-field 
( |2.5|) vanishes, and the induced metric takes the form 

= ^ + 5y v X m X m H{X n ) . (3.3) 

Substituting the metric ( ^.3| ) and dilaton ( |2.1p into the action ( P^ ) we find the following 
action for X m (t): 



S p = - Tp V J dt - j2== y/ 1 - X m X m H{X n ) = -r p V J dt^J H(X n )~ l - X m X m , 

(3.4) 

where V is the volume of the p dimensional space the D-brane is stretched in. In the case 
with no fivebranes, H = 1, and (|3.4| ) reduces to the familiar action for a D-brane in flat 
spacetime. 
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The equations of motion of the Lagrangian ( j3.4| ) take the form: 
d ( X n \ d n H 



dt I VH- 1 - X m X m J 2H 2 ^H~ 1 -X m X" 



(3.5) 



There are also some conserved charges in this system. Time translation invariance implies 
that the energy 

E = P n X n - C (3.6) 



is conserved. The momentum P n is obtained by varying the Lagrangian £, 



SC r p VX n 



5X n a/^Z"- 1 - x m X m 
Substituting ( |3.7[ ) into ([H]) we find that the energy is given by 



(3.7) 



E = - T ? V . (3A 

hVh- 1 -x m x m 



One can check directly that E ( |3. 8|) is conserved by multiplying the equations of motion 
( |3.5|) by X n and summing over n. 

So far, we discussed the case of general H, or fivebranes at generic locations, Xi, in 
the transverse IR 4 . Now, we would like to specialize to the case of coincident fivebranes. 



Thus, we will take H to only depend on R = \ / X m X m , H = H(R), (|2T3D . The equations 
of motion ( |3.5| ) take in this case the form 

d ( * n )- _E£ (3.9) 

dt y y/Jpl _x m X m ) 2RH 2 ^H- 1 - X m X m 

To solve these equations we need to specify initial data X(t = 0) and X(t = 0). These 
two vectors define a plane in IR 4 . By an SO (4) rotation - a symmetry of the problem - 
we can rotate this plane into, say, the (a; 6 , x r ) plane. Then the motion will remain in the 
(x 6 ,x 7 ) plane for all time. Thus, without loss of generality, we can study trajectories in 
this plane. 

In addition to the energy, the angular momentum of the D-brane is conserved as well. 
It is given by 

L = X 6 P 7 -X 7 P 6 . (3.10) 
9 



Using the expression for the momentum, (j3.7|), we find that 



X 6 X 7 -X 7 X 6 
r P V . = • (3.11) 

VH- 1 -X m X m 



One can check directly that L ( ft.ll| ) is conserved by using the equations of motion 

Another quantity of interest is the stress tensor T„„ associated with the moving D- 
brane. T 00 is the energy density, so it is given by our expression for E, (fOp, with the 
factor of the volume stripped off. The space-space components of can be calculated 
by the usual Noether procedure. One finds = 1,2, • • • ,p) 



-oo 



hVh- 1 -x m xi 



Tij = - r v b %3 VH-i-X^X™ , ( 3 - 12 ) 
T 0l =0 . 



The conservation equations (|3.8|), (|3.11| ) can be integrated to find the possible trajectories 



of the D-brane in the (a; 6 , x 7 ) plane. As usual in central potential problems, it is convenient 
to pass to polar coordinates, 

X 6 =Rcos9 , 

(3-13) 

X 7 =Rsm6 . 

In these coordinates we have the following expressions for the energy density and for the 
angular momentum density (which we will denote by the same letters as the energy ( |3.8| ) 
and angular momentum ( |3.11| )): 

E = 



if V H~ 1 — R 2 — R 2 2 

r p RH (3 ' 14) 



Vh- 1 -r 2 - R 2 e 2 . 

In order to solve the equations of motion for given energy and angular momentum densities 



E and L, we would like to solve the second equation in (|3.14|) for 9 and substitute the 
solution in the first one. The solution for 9 is 

p _ £»(H--A») 



Substituting it into (|3.14|) and solving for R, we find 
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We would next like to study the solutions of the equations of motion ( |3.15| ), ( |3.16| ). 

Consider first the case of vanishing angular momentum, L = 0. Eq. ( |3.15| ) implies 
that 9 is constant, while the radial equation ( |3. 16| ) takes the form 

« 2 4 " wm • < 3 - 17 > 

The solution is restricted to the region in which the right hand side of ( |3.17| ) is non- 
negative. Substituting the form of H, (|2.3|) , we find the constraint on R (for fixed energy 
density E) 

hi 2 T 2 

(3.18) 

This equation has an obvious interpretaion. If the energy density E is larger than the 
tension of a free BPS Dp-brane, r p , the constraint ( |3.18[ ) is empty and the .Dp-brane can 
escape to infinity. For E < r p , the D-brane does not have enough energy to escape the 
gravitational pull of the iVS'S-branes, and it cannot exceed some maximal distance from 
them. 

It is interesting to calculate the energy momentum tensor of the D-brane for such a 
radial motion. The energy density Too is constant and equal to E throughout the time 
evolution, whereas for (second line of ( |3.12[ )) one finds 

Ta = —TpSijVH- 1 — R 2 = -Sij^jf^ ■ ( 3 - 19 ) 

We see that the pressure goes smoothly to zero as R — ► 0, since H(R) ~ 1/R 2 there (|2.3|) . 

If the entire trajectory R(t) ( |3.17| ) remains in the small R region, such that R « Vkl s 
for all times (this happens if r p /E >> 1, see ( ft.!8|) ), we can solve for the trajectory R{t) 
exactly. Indeed, in that case one has H = kl 2 /R 2 ; substituting this into (|3.17Q we find the 
equation of motion 

R ~ W 8 ~ Wmj ' (3 - 20) 

with the solution 

— = ^cosh^^ , 3.21 

R EVkl s Vkl s 

where we chose t = to be the time at which the D-brane reaches its maximal distance 
from the fivebranes. Substituting ( |3.21| ) into ( |2.1|) we find that the dilaton behaves as a 
function of time as follows: 

e * ^ "f^W, ' (3 ' 22) 
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Quantum effects are small when exp$ << 1. Thus, we see that if the energy density lies 
in the range 

g s r p « E «t p , (3.23) 

there is a long period of time during which the solution ( |3.21[ ) is reliable. 

The physics of iVS^-branes is usually studied by taking the Little String Theory (LST) 
limit g s — > in the geometry (|2.1|) , |J7) . Recalling that the Dp-brane tension has the form 



r p = T p /g s , where T p ~ mf +1 is independent of g s , we see that the constraints (|3.23|) 
simplify in this regime, to E » m p s +1 . 

This is familiar from other studies of LST (such as ||38|[ ). The perturbative expansion 
of LST is an expansion in the inverse of the tension of a D-brane localized in the throat; 
in this case, it is a 1/E expansion ( |3.22| ). Non-perturbative effects become important 
when cos h(t/y/kl a ) ~ E/m p s +1 . For any given time, they can be made arbitrarily small by 
increasing E. 



In the throat of the fivebranes, it is natural |29|] to perform the coordinate transfor- 
mation 

R = Vkl s e^ , (3.24) 

since in terms of (f> the metric ( |2.1| ) is ds 2 = dtp 2 + ■ ■ •, and the dilaton is linear, $ ~ 
—<fi/Vkl s . Substituting ( |3.24| ) into ( |3.21[ ), the solution takes the form 

e -vfc = ^cosh— =- . (3.25) 

E y/kl a 

At very early and late times, \t\ — > oo, one has 

0(t) ~ -\t\ . (3.26) 

Thus the D-brane approaches the speed of light as t — > ±oo. 

Several comments are appropriate at this point: 
(1) While the full solution ( |3.21| ) is only valid in the regime ( |3.23| ), its asymptotic late (or 



early) time behavior ( ^.26| ) is valid for all values of E/r p , for solutions describing an 
infalling (or outgoing) D-brane, as long as the string coupling (|3.22|) remains small. 



(2) In terms of the time t seen by an observer living on the iVS'S-branes, it takes an 
infinite amount of time for the D-brane to reach R = 0. In the induced metric on the 
D-brane, (|3.3|) , one has 

V 

E 2 H(R) " cosh 2 



Goo = -1 + R Z H(R) = - F ,^ /D , = 7 ^^- . (3.27) 



Vkl e 
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Thus, the D-brane reaches the iVS'S-branes in a finite proper time r, which is related 
to t via —dr 2 = Goo(t)dt 2 , or 



tan — =- = eVw. . (3.28) 
2y/kl 8 



In terms of r, the solution (|3.21| ) can be written as 



E i- T 

R = — Vkl s sin . (3. 29) 



r, 



v 



VkL 



It describes an oscillatory motion, in which the Dp-brane goes from one side of the 
fivebranes to the other and back, going right through them twice in each cycle. An 
observer on the D-brane sees a flat geometry, ds 2 = —dr 2 + dx" l dx l , and stress tensor 

^-.(brane) _ a 

r 2 , T (3-30) 

A = = £sin 2 



EH{R) ^kl s ' 

Of course, the full solution ( |3.29| ) may not be reliable, since every time R passes 
through zero, the D-brane passes a region of strong coupling, and the analysis based 
on weakly coupled string theory breaks down. 

The coordinate transformation ( |3.24| ) is also natural from the point of view of the 
analogy to tachyon condensation discussed in section 2. Comparing ( |2.13|) and ( |3.24| ) 
we see that deep inside the fivebrane throat we can identify the tachyon T with 0, the 
natural radial coordinate in the throat. 

Substituting the form of the solution ( |3.21|) into the expression for , (|3.19| ) , we find 
that the pressure behaves at late times as 

p ^ xp (-^) ■ (3 ' 31) 

Both the exponential behavior, and the coefficient in the exponent agree with the 
analysis of [[H]], given the fact that the effective potential V(T) ( |2.15| ) behaves near 
its minimum at T — >• — oo as V ~ exp(T/ \fkl s ). 

If we Wick rotate the solution ( |3.25| ) from Minkowski to Euclidean space, replacing 
t — > iY, we get a static brane whose shape is given by 

<t> Y 
e =acos ^^ : (3.32) 

Vkl s 

13 



where a is an arbitrary constant. This brane starts out at large positive </> (which 
can be thought of as the region far from the fivebranes in the near-horizon geometry) 



and extends to some finite <p (determined by a (|3.32| )) and back, while curving in 
the Y direction. The fact that this brane solves the equations of motion is due to 
a competition between the linear dilaton, which pulls the D-brane to (j> — > — oo, and 
the energy cost associated with the bending of the D-brane in the Y direction. Note 
that the string coupling everywhere on the D-brane ( |3.32|) can be made arbitrarily 
small by tuning a. Interestingly, in the recent paper [p5| , an exact boundary state for 
the Euclidean brane ( |3.32| ) was constructed, in the bosonic string. Assuming that the 
results of J25| can be generalized to the superstring, we can use them to describe the 



Minkowski D-brane ( 3.25 ) by continuing the boundary state, as in |T[. This would 
also provide further evidence for the fact that the D-brane ( |3.25|) can be studied 
using perturbative string techniques, as the Euclidean D-brane of ]25[ is manifestly 
non-singular. 

So far we discussed purely radial trajectories with vanishing angular momentum density 
( |3.14| ). A natural question is whether anything qualitatively new occurs for non-zero L. 
One way of thinking about this is the following. The radial equation of motion (|3.16|) can 
be thought of as describing a particle with mass m = 2, moving in one dimension (labeled 
by R) in the potential 

v "W = wss(* + *)-ii' (3.33) 

with zero energy. The potential V e s has the following features. The leading behavior for 
small R is 

V eS (R) ~_ . (3.34) 



HI \E 2 kl 

For large R, we have instead 



r, 2 



V eS (R) - ^ " 1 • (3-35) 

If the energy density of the D-brane is smaller than that of a free .Dp-brane, E < r p , such 
that it cannot escape to infinity, V e s approaches a positive constant (|3.35[ ) as R — ► oo. It is 
then easy to show that in order to have trajectories at non-zero R, the angular momentum 
must satisfy the boundi 

L < Vkl s E . (3.36) 



2 The fact that there is an upper bound on L is familiar from the study of central potentials 
that go like — 1/r 2 in Newtonian mechanics; the precise form of the bound on L relies on the full 
non-linear structure of the DBI Lagrangian. 
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If ( j3.36|) is not satisfied, the only solution is R = 0. If (|3.36| ) is satisfied, the trajectory of 
the D-brane is qualitatively similar to that in the L = case. In particular, it approaches 
the fivebranes (i.e. R = 0) both at very early and very late time, and does not have stable 
orbits at finite R. 

For t p » E, the whole trajectory lies again in the region R << Vkl s , and one can 
approximate the harmonic function (|2.3|) by H = kl 2 s /R 2 . The equation for i?, ( |3.16|) , 
takes a form analogous to (|3.20|) , 



R ~ kl 2 [ kl 2 E 2 J E 2 k 2 li ' (3 ' 37) 



3 / " "i 



R Vkl s E x f^g; \Vkhy kP s E 



with the solution 



kl 2 a E 2 

We see that non-zero angular momentum slows down the exponential decrease of R as 
t — ► oo. From eq. ( |3.14j ) we see that 

* = Esnm ■ (3 ' 39) 

In the throat approximation one has R 2 H(R) = kl 2 . Thus, the solution is 



s 



The solution ( |3.38| ), (|3.40|) describes the D-brane spiralling towards the origin, circling 
around it an infinite number of times in the process. 

The pressure corresponding to the solution (|3.38|) can be read off (|3.12| ): 



P=- TpV ^-^-^ = - 1 | 5J = -g, (3.41) 

as in ( |3.19| ). Thus, it again goes exponentially to zero, as in ( |3.31| ), with a tunable coefficient 
(which depends on L). 

For E > t p , the situation is different. When the angular momentum satisfies the 
bound ( |3.36| ), there are two kinds of trajectories. One corresponds to a D-brane that 
starts at R = at t = — oo, and escapes to R = oo at late times; the other describes the 
time reverse process. 
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If the angular momentum does not satisfy the bound ( 3.36 ), the D-brane starts at 
R = oo at early times and ends there at late times, never getting closer than the radius of 



closest approach, i? m ; n , at which the effective potential V e s (|3.33| ) vanishes, 

L 2 - kl 2 E 2 



P 



E 2 -T, 



In this case, a natural physical question concerns the scattering of a D-brane off the five- 
branes. A D-brane with initial velocity v and impact parameter s has angular momentum 
and energy density 



(3.43) 

E= , p . 



E 2 - t 2 . (3.44) 



Eliminating v, we find the relation 



The D-brane interacts with the fivebranes and goes back out to infinity after being deflected 
by the angle 

59 = n I ; 1 - 1 ] ■ (3.45) 

As L — >• oo, the deflection angle Q3.45D goes to zero, while as we approach the critical 
value ( |3.36| ), it diverges. This means that as L —> \fkl s E, the D-brane circles around 
the fivebranes more and more times before eventually escaping to infinity. As mentioned 
above, for L < \/kl s E the D-brane never makes it back to infinity. 

In terms of the impact parameter s, the bound (|3.36|) is equivalent via (|3.44|) to 

. < • (3-46) 

If this condition is satisfied, the incoming D-brane is absorbed by the fivebranes; otherwise 
it escapes back to infinity. We see that no matter how high the energy of the D-brane is, 
if its impact parameter satisfies 

s < Vkl s , (3.47) 

it will be absorbed by the fivebranes. Thus, we see that when we probe a collection of 
k fivebranes by scattering D-branes off it, this system behaves like an absorbing ball of 
radius y/kl s . One can show that the same is true if we probe the fivebrane system by 



particles that move on geodesies in the metric ( 2.1 
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4. Discussion 

As we saw in the previous sections, the real time dynamics of a Dp-brane in the 
background of parallel AS'S-branes provides an interesting example of a time-dependent 
process in string theory, which can be studied using a Dirac-Born-Infeld effective field 
theory description. 

Some of the solutions of the DBI equations of motion describe the D-brane falling 
towards the fivebranes; for non-zero angular momentum density, the D-brane is spiralling 
towards the fivebranes. These solutions exist when the energy and angular momentum 
densities satisfy the inequality ( |3.36| ) , or equivalently when the impact parameter satisfies 
the bound ( |3.46| ). In other solutions of the DBI equations of motion, the D-brane comes 
in from infinity, is deflected by the fivebranes and escapes back to infinity. We do not find 
solutions corresponding to a D-brane in orbit around the fivebranes. 

The real time dynamics of a D-brane near a stack of AS^-branes exhibits a close 
connection to tachyon condensation on unstable D-branes, and one can use results about 
the latter to better understand the former. The effective potential for the radial coordinate 
R goes exponentially to zero (in the natural variables) as the D-brane approaches the 
fivebranes (i.e. as R — > 0). As is well known from the rolling tachyon problem, this means 
that the pressure goes exponentially to zero as well. Thus, as the D-brane approaches the 
fivebranes, it behaves like a pressureless fluid. This is very similar to the late time behavior 
of unstable D-branes. 

In the context of tachyon condensation, the pressureless fluid behavior at late times is 
usually interpreted as a signal of the decay of the unstable D-brane, and has been argued 
to provide a dual description of the closed string radiation that the D-brane decays into. 
It is natural to assume that a similar interpretation can be made here as well, with the 
D-brane shedding its energy into modes living on the fivebranes as it approaches them. 
We will see shortly that this interpretation is consistent with spacetime expectations. 

It is important to note that while the behavior of the D-brane near the minimum of the 
potential provided by the AS^-branes is very similar to that familiar from tachyon physics, 
its behavior near the top of the potential is different. In particular, while the potential of 
an open string tachyon has a quadratic maximum, corresponding to the original unstable 
D-brane, at a finite value of T (with a particular definition of the kinetic term), in our 
case the maximum of the potential is at T — > oo, in accord with the interpretation of the 
potential at large T as due to the gravitational attraction between the D-brane and the 
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fivebranes. Thus, features of the tachyon analysis that depend on physics near the top of 
the potential are in general different in our case. 

A natural question is what happens to the RR charge of the Dp-brane if, as suggested 
by the DBI analysis, it loses all its energy as it approaches the fivebranes. Consider, for 
example, the case p — 5, in which a D5-brane of type IIB string theory approaches a stack 
of k A^55-branes, with all k + 1 branes parallel. One expects the fivebranes to form a 
bound state, a (k, 1) fivebrane, which is a member of the SL(2, Z) multiplet of fivebranes 
of IIB string theory. For weak coupling, the energy density of a (k, 1) fivebrane is (omitting 
constants) 

£m ~ Ui\HW+l - M« (X + ^r). (4.1) 



9? * W, 2* 

We see that when a D5-brane binds to the iVS'S-branes, the binding energy is almost 100%. 
As the D5-brane rolls in the fivebrane throat, it must lose most of its energy density: out 
of Tq ~ M^/g sl only ~ should be left, stored in a kind of "remnant" which carries the 
RR charge of the original D5-brane. D-brane RR charges in fivebrane backgrounds are 
discussed in p^j . 

That is consistent with the picture we get from the DBI action. The pressureless fluid 
that the D-brane approaches at late times reflects the fact that most of the energy of the 
L>5-brane is radiated away as the D-brane rolls in the fivebrane throat. It would be nice to 
show explicitly that the radiated amount is precisely correct, but this is challenging even 
for the rolling tachyon solution. 

For p < 5 one can repeat the same analysis. It is convenient to compactify the 
directions along the fivebranes on a five-torus, and study the bound states of a .Dp-brane 
wrapped around part of the torus, with the fivebranes. The energetics of these bound 
states is discussed in [pi, where it is shown that they again have the property that the 



binding energy is almost 100%, as in ( |4. 1|) , and that one can think of these bound states 
as configurations carrying various fluxes in the gauge theory on the A^S'5-branes. Thus, in 
all these cases, the rolling Dp-br&ne must radiate most of its energy as it approaches the 
fivebranes, in agreement with the DBI analysis. 

Before concluding, we would like to briefly mention some additional issues relevant to 
the discussion of this paper. 

Our results are applicable to the case of two or more iVS^-branes (k > 2). It is known 
that a single fivebrane does not develop the infinite throat (|2J]). At the same time, we 
expect that an iV,S5-brane and a L>5-brane should be able to bind into a (1,1) fivebrane, 
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and in the process most of the energy of the D5-brane should be radiated away, as in the 
discussion following (flip. It would be interesting to understand this process by analyzing 
the dynamics of a .Dp-brane in the background of a single iVS'S-brane. 

Our discussion was based on the DBI effective action, and was thus approximate. The 
DBI action is generally valid when the acceleration of the D-brane is small. Thus, the late 
time behavior of the solution (|3.26| ), should be reliably described by this action. Indeed, 
it is known from the study of rolling tachyons that the corrections to ( |3.26|) , which give 
rise to the acceleration, decay exponentially with time. The full solution ( |3.25| ) should be 
reliable for large k, but may in general receive 1/k corrections. It could be that due to the 
N = 2 super co nformal symmetry on the worldsheet, these corrections are absent, but this 
has not been proven. 

In it was shown that a brane with the worldvolume ( |3.25| ) (or, more precisely, 
its Wick rotated Euclidean version) indeed exists and corresponds to an exactly solvable 
boundary CFT in the bosonic string. In order to extend our analysis of the solution ( |3.25| ) 
to finite k, one needs to generalize the results of [55] to the superconformal case. We hope 
to return to this problem elsewhere. 

One can also ask whether there are large quantum (i.e. g s ) corrections to the classical 
open string analysis presented here. As we saw in section 3, the string coupling eventually 
becomes large along trajectories such as ( |3.21|) , but if the energy density of the D-brane is 
in the range (|3.23| ), this happens very late, and there is a large window in time, in which 
( p.22|) , and thus string loop corrections, are small. Following the ideas of one is led 
to the following physical picture. The open string theory describing the rolling D-brane 
may provide a dual description of the closed string radiation produced as the D-brane 
moves towards the fivebranes. This radiation may be primarily produced during the long 
period in which the string coupling (|3.22|) is small, and thus it can be reliably described 
by perturbative string theory. The bound state of the D-brane and fivebranes that the 
system approaches at late times is a non-perturbative object, which may not be easy to 
study using (open or closed) weakly coupled string theory. 

Some of the other questions raised by our results are: 
(1) We found that there is a critical value of the angular momentum, L = \fkl s E, at 
which the dynamics of the D-brane changes considerably. Below that value, the D- 
brane always approaches at early or late times (or both) the vicinity of the fivebranes, 
R = 0. For L > \fkl s E the D-brane never approaches the fivebranes, and its radius 
of closest approach grows with L, (|3.42| ). As L approaches the critical value, the 
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exponential decay of the pressure with time is suppressed ( |3.38Q , (|3.41| ). It might be 



interesting to consider the dynamics near the critical angular momentum. 
(2) One of the reasons we did not find solutions corresponding to D-branes orbiting around 
the A^S^-branes was that at long distances the gravitational potential of the fivebranes 
goes like — 1/r 2 . If one compactifies one of the directions transverse to the fivebranes 
on a circle, the potential will go like —1/r at long distances. It would be interesting to 
investigate the D-brane trajectories in that case, and in particular to look for stable 



orbits (see []32| for a discussion of such orbits for other D-brane systems). 
(3) There are generalizations of the CHS geometry (|2.1|) that describe other singularities in 
string theory, such as generalized conifold singularities of Calabi-Yau surfaces (see e.g. 
||41jl ). It would be interesting to repeat the analysis of this paper for such geometries, 
and for their regularized versions, which are relevant for Little String Theory [37 ,[38|. 



(4) Cosmological applications of D-brane motion in warped throats in string theory have 
been extensively studied recently (see e.g. p2]Jl^ , p4] , ^4]j4^| , ^B| for some recent discus- 



sions and additional references). It would be interesting to investigate what types of 
cosmologies arise from D-branes rolling down the throats of AS'S-branes, and how 



they are related to tachyon driven cosmologies of the sort discussed e.g. in |21| , p2| , p3 
and references therein. In particular, we saw that naively extrapolating the trajectory 
of the .Dp-brane through the strong coupling region, an observer on the D-brane sees a 
cyclic cosmology (|3.29[) , in which the D-brane oscillates about the fivebranes. It would 
be interesting to study the corrections to this picture in the full quantum theory. 



(5) The D-brane of [jSIJj ( |3.32| ) and its Minkowski continuation Q3.25 ) can be studied in two 



dimensional string theory, which has a matrix model dual. What is the interpretation 
of this D-brane and its dynamics there? 
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